The e ect on p-mode frequencies of changing the near-surface structure of solar models is investigated. As is well known, changes con ned to the near-surface region have little e ect on the low-frequency p modes: this is as one would expect from a simple asymptotic description which shows that these modes have upper turning points located well beneath the photosphere. However, some examples of structural changes show that, if the changes are viewed at xed fractional radius (an Eulerian description), the small frequency shifts at low frequency come about through near-cancellation of di erent contributions which are individually much larger than the resultant shifts themselves; the reason is that even so-called near-surface changes extend substantially below the upper turning points of these modes. We demonstrate that the corresponding changes at xed fractional mass (a Lagrangian description) are con ned much closer to the the surface, so that the small frequency shifts come about in a natural way.
INTRODUCTION
There is good reason to study in detail how solar p-mode frequencies are a ected by changes in the structure of the Sun in the photosphere and the layers immediately below. All observed modes are sensitive to this near-surface region, to a greater or lesser extent; indeed, it is evident from comparing observed frequencies with those of solar models that uncertainties there contribute substantially to the errors in the theoretical frequencies (e.g. Christensen-Dalsgaard, D appen & Lebreton 1988) . On the one hand this discrepancy should allow us to use the observed frequencies to improve our models of the near-surface region. On the other hand, the presence of errors in the surface layers might be a source of error in inversions for the structure and rotation of the deeper interior. A further reason for wishing to understand the connection between near-surface structure and p-mode frequencies is that the observed changes in solar frequencies with time appear to be caused predominantly by changes in the near-surface layers (Libbrecht & Woodard 1990; cf. Balmforth, Gough & Merry eld 1996) .
The p modes are standing waves formed in an acoustic cavity between a lower turning point, at radius rt, and an upper turning point, at radius Rt. The lower turning point occurs where downward-propagating waves get refracted back up towards the surface by the increasing adi- where H(r) is the density scale height (Deubner & Gough 1984) . Mode frequencies are determined principally by conditions in this acoustic cavity, for their energy density is largest in that region, while outside it decays away exponentially.
The acoustic cut-o frequency increases from the deep interior, where it is small, towards the surface, so that the upper turning point is located deeper for a low-frequency mode than for a mode with higher frequency. For example, for one typical solar model a low-degree 1 mHz mode has its upper turning point at r = 0:987R, R being the photospheric radius, whereas the corresponding 4 mHz mode has the upper turning point at r = 0:999R (e.g. ChristensenDalsgaard & P erez Hern andez 1992). Thus one expects from this argument that if the near-surface layers are modi ed in some way, the frequency of the low-frequency mode should be less a ected than the frequency of the higher-frequency mode. This is precisely what is found in model calculations (e.g. Christensen-Dalsgaard 1986 , 1990 ; see also below). (K) b ( g cm ?3 ) 1 6:5 10 ?5 1.8349 0.27628 2:1411 10 6 0.16457 2 7:5 10 ?5 2.5379 0.27649 2:1423 10 6 0.16488 3 6:1 10 ?5 { 0.27619 2:1407 10 6 0.16444
Some properties of the static solar models used in this paper. The quantities T b and b are the temperature and density at the bottom of the convective envelope; d b is the depth of the convective envelope; c is the mixing length parameter; and is the factor by which the hydrogen pro le of an evolutionary model had to be scaled to give a static model with the correct luminosity.
Relative to Model 1, Model 2 has higher atmospheric opacity, and Model 3 has a smaller but broader superadiabatic gradient.
Yet a more careful inspection of model changes indicates that this explanation may be naive. Such changes are conventionally evaluated at xed r; it is found that even if the physical cause of the modi cations is located in and immediately below the atmosphere, their e ects on the structure of the model typically extend well into the acoustic cavities of modes of even quite low frequency. Thus one might expect such modes to be substantially a ected by the modi cations, unlike the asymptotic intuition and the computational results. Here we show that this behaviour can be understood quite simply by considering instead model changes evaluated at xed interior mass m. In Section 2 we discuss some properties of two speci c model changes and the resulting frequency shifts. Section 3 considers the general properties of near-surface model changes, whereas Section 4 sets forth the machinery for relating the frequency changes to the model changes and applies it to the examples considered in Section 2, and shows how the results can be understood in terms of the asymptotic properties of the oscillations. Finally, Section 5 contains a brief discussion.
EXAMPLES OF NEAR-SURFACE PERTURBATIONS
We have considered two di erent examples of model changes whose physical origin is localized to the super cial layers of the star: a change in the low-temperature opacity; and a modi cation of the treatment of the superadiabatic gradient in the uppermost parts of the convection zone. Some aspects of similar model changes, and their e ects on the frequencies, were discussed by P erez Hern andez & ChristensenDalsgaard (1994) . Although these examples are far from exhausting the possible uncertainties near the top of stellar models, they may at least be representative of some of the known problems. In particular, recent proposed alternative models for convection result in qualitatively similar modications (e.g. Canuto & Mazzitelli 1991 ; see also Monteiro, Christensen-Dalsgaard & Thompson 1996) ; analogous results are also obtained from averaged hydrodynamical models of near-surface convection (e.g. Rosenthal et al. 1995) .
Characterization of the models
Except for the speci c modi cations, the physics of the models was essentially the same as for the normal model of Christensen-Dalsgaard, Pro tt & Thompson (1993) ; in particular, we used the CEFF equation of state (ChristensenDalsgaard & D appen 1992) and the OPAL opacities (Rogers Iglesias, Rogers & Wilson 1992) . All models considered were static models of the present Sun and had the same total mass M. The hydrogen abundance X(q) as a function of mass fraction q = m=M (m being the mass interior to the given point) was obtained by scaling the abundance pro le in the normally evolved non-di usive model of Christensen-Dalsgaard et al. (1993) . The abundance scaling factor , and a parameter characterizing the convective e cacy, were adjusted so as to obtain a model of solar luminosity and photospheric radius (cf. Christensen-Dalsgaard & Thompson 1991) . Unless otherwise noted, convective transport was treated using the mixing-length formulation of B ohm- Vitense (1958) , characterized by the mixing-length parameter c; penetration beyond the convectively unstable region was not taken into account. We note that the e ect of adjusting c (or more generally the parameter characterizing convection) is essentially to x the speci c entropy s in the deeper almost adiabatically strati ed parts of the convection zone where s is very nearly constant: c determines the change in s between its value at the top of the convection zone, which is largely xed by the conditions in the atmosphere, and the value sa in the deep convection zone. As a result of the neglect of penetration, s is continuous at the base of the convection zone, thus relating sa to conditions in the radiative interior. If the radiative interior is virtually unchanged by a certain modi cation to the model, so therefore is sa, and hence the change in the convective parameter must be such as to compensate for any possible change in the atmospheric value of s.
We characterize the e ects of the modi cations to the physics of the models both in terms of changes at xed radial distance r (in the following called Eulerian changes) and in We note in passing that is closely related to Lamb's (1909) acoustical cut-o frequency for an isothermal atmosphere under constant gravity (cf. eq. 4.12).
Some relevant properties of the reference model (in the following Model 1), as well as of the modi ed models, are given in Table 1 . For all models the abundance scale factor is slightly larger than unity; this increase in the hydrogen abundance is required to compensate for the fact that the static models lack the release of gravitational energy which contributes to the luminosity of normally evolving models.
To illustrate the location and extent of the superadiabatic region and the ionization zones, Fig. 1 shows r ?rad (where r = d ln T=d ln and rad is its adiabatic value) and ?1 in the reference model. The behaviour of r?rad shows that the region of signi cant superadiabaticity is con ned to the outer 10 ?4 R of the convection zone. The variation of ?1 re ects the ionization zones of hydrogen and helium, ionization of hydrogen producing the strong decrease in ?1 near the surface.
Increase in the atmospheric opacity
We rst consider in Model 2 the e ects of an increase in the opacity in the outermost parts of the model. Specically, in computing Model 2 we added to log 10 a function of temperature which was 0.3 at the temperature characterizing the atmosphere and upper part of the convection zone of the model, decreasing smoothly to zero at higher temperatures so that the opacity was unmodi ed in the radiative interior of the model. As shown in Table 1 this had very little e ect on the abundance scale factor or on properties at the base of the convection zone, con rming that the changes are con ned to the outer parts of the model. On the other hand, a very considerable change in c is required to maintain the radius of the model. This is related to the large changes in pressure and density in the atmosphere of the model. Indeed, for simple atmospheric models it may be shown that the product p is roughly constant (e.g. Schwarzschild 1958 ); thus the opacity increase causes a decrease in atmospheric pressure by almost a factor of two. Since the temperature is essentially xed at the e ective temperature of the Sun, the speci c entropy in the atmosphere is decreased; this is compensated by the increase in c, making convection more e cient and decreasing the superadiabatic gradient required for convective transport and hence the drop in entropy between the atmosphere and the deep convection zone.
Details of changes in several model variables are illustrated in Figs 2 and 3. Figure 2 shows the Eulerian changes in the outer ve per cent of the model, on two di erent scales, as well as the changes throughout the model on a strongly expanded scale. The very large di erences in pressure and density in the outer parts of the model are evident. They decrease with increasing depth but remain at a substantial level through the outer 10 per cent of the radius of the model. The change in c is smaller and largely con ned below the photosphere: in the atmosphere, the temperature T, mean molecular weight and ?1 do not change much, and thus neither does c. There is a sharp feature in r ln c 2 in the superadiabatic region, followed by a gradual decrease towards greater depth. Also, there are fairly substantial changes in ?1 in the ionization zones of hydrogen and helium.
Model changes in the outer 0:5% by radius are illustrated in Fig. 3 . The Lagrangian model changes (panel b) show a behaviour strikingly di erent from the Eulerian changes (panel a). The Lagrangian di erences are strongly con ned to the atmosphere and the superadiabatic part of the convection zone, with only a small and rapidly decreasing tail extending into the deeper parts of the model. The strong localization suggests that the Lagrangian changes provide a physically more meaningful description of the effects of near-surface modi cations, particularly insofar as the corresponding frequency changes are concerned. We shall show in Section 4 that this is indeed the case. It is worth remarking that in this example the Eulerian changes in sound speed and adiabatic exponent are smaller in the super cial layers than are the corresponding Lagrangian differences. The relation between radius and temperature, and hence to a large extent sound speed and adiabatic exponent, is roughly determined by the optical depth; since p and hence are approximately xed, so is optical depth. In contrast, the change in causes substantial changes in the mass scale and hence leads to the large Lagrangian differences (see also the discussion in Section 4).
When analyzing the frequency changes resulting from the changes in the model, account must be taken of the fact that high-degree modes penetrate less deeply than do lowdegree modes, and therefore involve a smaller fraction of the mass of the model. As a result they are more strongly a ected by changes in the outer parts of the star. This e ect can be eliminated by considering scaled frequency di erences Qnl !nl; here Qnl Enl E0(!nl) ; (2:3) where Enl is the inertia of the mode of radial order n and degree l, normalized with the square of the photospheric Frequency di erences between Model 2, with increased atmospheric opacity, and Model 1; the di erences have been scaled by the normalized mode inertia (cf. equation 2.3). Modes with the same degree have been connected with continuous lines for l 150, dashed lines for l = 200;300;400;500, and dot-dashed lines for l = 600;700;800;900;1000 and 1100.
amplitude, and E0(!) is obtained by interpolating the values of Enl for radial (i.e. l = 0) modes to the frequency !. It was argued by Christensen-Dalsgaard (1986) (see also Christensen-Dalsgaard & Berthomieu 1991) that for model changes con ned near the solar surface the Qnl !nl are largely functions of frequency alone; physically, this may be understood from the fact that within the region of modi cation the modes propagate essentially vertically, the horizontal wavelength being is much longer than the vertical wavelength, so that the modes behave as radial modes. This property is con rmed by the scaled frequency di erences between Models 1 and 2, shown in Fig. 4 . Only at degrees higher than 200 do the scaled di erences show signi cant dependence on l. At such high degree the departure from vertical propagation becomes signi cant (for an asymptotic description of this behaviour, see for example Gough & Vorontsov 1995) . This is the dominant contribution to the l-dependence seen in Fig. 4 . There is also a small contribution from the fact that for such high-degree modes the lower turning point is located so close to the surface that the modes do not fully sample the modi ed region, leading to a dependence of the frequency change on the depth of penetration and hence on the degree. Also, it should be noticed that the di erences are very small at low frequency.
Change in the superadiabatic gradient
To illustrate the e ects of modi cations to the superadiabatic region of the convection zone, we use the expression for the superadiabatic gradient r ? rad proposed by Christensen-Dalsgaard (1986; see also ChristensenDalsgaard & P erez Hern andez 1992). It is characterized by a parameter c which determines the extent of the substantially superadiabatic region and a parameter~ c which determines the maximum value of r ? rad and is used to calibrate the model. We choose c = 3, as did Christensen-Dalsgaard (1986) and Christensen-Dalsgaard & P erez Hern andez (1992): this results in a superadiabatic region that is broader, but with a smaller superadiabatic gradient, than for the reference model. As shown by the quantities given in Table 1 (Fig. 6 ) that the atmosphere is una ected by the modi cation to the superadiabatic gradient. Except for the atmosphere and the superadiabatic region the behaviour of the Eulerian di erences is quite similar to those obtained for an increase in the atmospheric opacity, although of the opposite sign. In particular, the changes extend to a signi cant depth within the convection zone. Once again the Lagrangian di erences are much more tightly con ned to the super cial layers. However, it is interesting to note the di erences between the near-surface behaviour in our two examples (Figs 3 and 6) . In the present case the Eulerian and Lagrangian di erences in sound speed and adiabatic exponent are very similar in the superadiabatic region, whereas previously the corresponding Eulerian di erences were very small. Also, the detailed behaviour of the Lagrangian differences is very di erent in the two cases. Fig. 7 shows scaled frequency di erences between Models 3 and 1. As before, they depend little on l except at high degree, and are small at low frequency.
ANALYSIS OF NEAR-SURFACE MODEL CHANGES
In order to understand the properties of the model changes we assume in this section that the modi cations are sufciently small for a linear approximation to be valid. By considering the linearized equations of stellar structure it is in fact possible to explain the general features of the results obtained in the previous section. Throughout we consider only models of xed radius and surface luminosity. for any model quantity f; here rm is the Eulerian change in mass, and mr is the Lagrangian shift in radius. Also, since To obtain an expression for the Lagrangian change mp in pressure we use the equation of hydrostatic support in the form dp dm = ? Gm where p0 is the pressure at a suitable reference level. It is perhaps most natural to take p0 = ps, the pressure at m = M. Note that the last term is purely an e ect of the sphericity of the model: had we assumed that the model was plane-parallel, r would have been replaced by the constant R in equation (3.7) and mp=p would have been given by the rst term in equation (3.9). We note from equation (3.6) that the term in mr is expected to be small. Also, since p increases rapidly with increasing depth this term decreases rapidly with increasing depth beneath the reference level.
From Figs 3 and 6 it is evident that in the speci c examples considered mp=p is in fact very small compared with the other changes, except perhaps in the atmosphere.
To close the description, we need a relation between mp and m . This can be obtained from the equation of state which we express as a function of p, the speci c entropy s and composition. We assume a priori that the changes are essentially con ned to the convection zone. Also, we shall assume that the equation of state and the abundance Z of heavy elements have not been modi ed. As the radiative interior is unchanged, so is the hydrogen abundance required to obtain the correct luminosity. Thus the composition of the convection zone is unchanged, and we have that Similar relations clearly hold for the Lagrangian changes in any other thermodynamic variable. Now consider a model change that is predominantly localized near the surface. Since the radiative interior is essentially una ected, so is the value sa of s in the adiabatic part of the convection zone, for r < ra, p > pa, say. Here, therefore, ms ' 0 in equation (3.10). Also, since R ? ra R, we have from equation (3.6) that j mr=rj j m = j. The relation between mp=p and m = near r = ra obviously depends on the details of the intrinsic modi cation to the model. However, it is not unreasonable to assume that they are of the same order of magnitude as would be the case, for example, if the temperature perturbation were smaller than, or comparable with either; this is certainly true for the modi cations considered in Section 2. Under this assumption the term in mr=r in equation (3.9) is much smaller than mpa=p near ra; thus mp=p decreases with increasing depth as p ?1 , at least in the vicinity of ra, and it follows from equation (3.10) that the same is true of m = (as well as of the relative perturbations of any other thermodynamic quantities, such as c or ). It is this steep decrease with increasing depth which leads to the strong con nement of the Lagrangian perturbations to the superadiabatic region and the atmosphere. It should be noted also that, according to equation (3.5), mr=r is essentially constant in this region, at least insofar as e ects of sphericity can be ignored.
The behaviour of the Eulerian perturbation, for a quantity f whose Lagrangian perturbation is con ned to the superadiabatic region, may now be obtained from equation Beneath the superadiabatic region the term in mf can be neglected and mr is approximately constant; hence the behaviour of rf=f is essentially determined by the variation of d ln f=d ln r.
It follows from the preceding analysis that the relation between the Lagrangian and Eulerian di erences is controlled by the logarithmic derivatives of the corresponding model quantities, and by the modi cation m ln r of the radius scale at xed mass. These quantities are illustrated in Figs 8 and 9. As inferred, m ln r for the two examples considered (cf. Fig. 8a ) are nearly constant in the outer parts of the model and of much smaller magnitude than, e.g., m ln . Comparison of Figs. 2b and 5b with Fig. 9b shows clearly that the di erences beneath the superadiabatic region are indeed dominated by the derivatives. In particular, this explains the similarity (apart from the sign) between the changes in these two cases. (3:14) or an equivalent relation expressed in terms of Lagrangian modi cations. Since ?1 is almost constant and equal to 5 =3
outside the ionization zones of hydrogen and helium, the modi cation to ?1 is essentially con ned to these ionization zones, as was also found in Figs 2 and 5. This result can evidently also be obtained by applying equation (3.11) to ?1. In the case when the atmospheric opacity is modi ed, we remarked that the Eulerian di erences in c, ?1 and were small in the superadiabatic region compared with the corresponding Lagrangian di erences (Fig. 3) . In those circumstances it is evident from equation (3.11) that the Lagrangian di erences in that region largely re ect the logarithmic derivatives: comparison of Fig. 3b and Fig. 8b shows that this is indeed the case. In contrast, for the modi cation of the superadiabatic gradient illustrated in Fig. 6 , the term in m ln r is comparatively small in the super cial layer; as a result, the Eulerian and Lagrangian di erences are rather similar.
ANALYSIS OF THE FREQUENCY CHANGES
The di erences in frequencies between pairs of models can be related to the di erences in their internal structure. Provided the di erences are small, the frequency di erences can be considered to be linear functionals of the structural di erences. The derivation of these functionals from a variational principle is described by, e.g., Gough & Thompson (1991) and Gough (1993) : some details are given in Appendix A.
In the adiabatic approximation the relevant structural differences are completely described by rp, r and r?1. Assuming hydrostatic equilibrium allows rp to be expressed in terms of r and hence the three variables may be reduced to two. Exactly which pair of variables is retained is to some extent a matter of taste: one choice is rc To be more precise, K nl c 2 ; is proportional to the square of the divergence of displacement eigenfunction (e.g. Gough & Thompson 1991) . Fig. 11 shows K nl c 2 ; and K nl ;c 2 in the near-surface region, for l = 20 at selected frequencies. As well as exhibiting more peaks with increasing n (and hence frequency), the higher-frequency kernels also have maxima closer to the surface. This is as one would expect from asymptotics, since the upper turning point is closer to the surface for higher-frequency modes.
It should be noticed, however, that the Eulerian model di erences (cf. Figs 2 and 5) extend well into the region where even the lowest frequency kernels illustrated (approx. 1 mHz) have substantial amplitude. It is to be expected then that even for low-frequency modes the individual contributions from the two terms on the right-hand side of equation (4.1) will not be negligible. This is con rmed in Fig. 12 , where the frequency di erences and the individual contributions from rc 2 and r are shown for both Models 2 and 3 relative to the reference model. In each case the contributions are both signi cant. Interestingly, in both cases the frequency di erences at low frequencies are smaller than either of the individual contributions, which to a large extent cancel out; as we shall see this cancellation is not fortuitous but a general consequence for near-surface changes.
The frequency di erences can similarly be related to structural changes measured at xed fractional mass: the equation corresponding to The derivation of such kernels is presented in Appendix A.
Note that the choice of integration variable (in this case r) is quite independent of whether the di erences are evaluated at constant mass or constant radius: the choice is simply one of convenience, and changing the integration variable, say to some other variable z, would merely scale the kernels by dr=dz. Lagrangian kernels corresponding to the Eulerian ones in Fig. 11 are shown in Fig. 13 . The contributions from the individual terms on the right-hand side of equation (4.2) are shown in Fig. 14 , for both our pairs of models. Here no near-cancellation between contributions is required to produce the small frequency shift at small frequencies. Notice that this di erence in the behaviour between the Lagrangian, and the previously considered Eulerian, formulation is not principally a result of any di erence between the Lagrangian and Eulerian kernels; in fact the kernels are very similar. Rather, the e ect arises because the Lagrangian structural di erences are con ned very close to the surface: the low-frequency kernels are small in this region and so the small frequency di erence comes out naturally.
Similar results are found with other choices of pairs of structure variables. As a second example of such a choice we take (c; ). Fig. 15 shows some Eulerian kernels K nl c; , K nl ;c ; the corresponding Lagrangian kernelsK nl c; ,K nl ;c are shown in Fig. 16 . Strikingly, the Eulerian and Lagrangian kernels for changes in c at constant are dominated in the outer part of the Sun by a smoothly varying behaviour, whereas the corresponding kernels for changes in re ect the relatively rapid spatial variation of the eigenfunction. It is precisely this separation that originally motivated the choice of this pair of variables for studying the helium ionization zone and near-surface structure (Christensen-Dalsgaard & P erez Hern andez 1992). The Eulerian and Lagrangian contributions to the frequency di erences are illustrated in Fig. 17 . While the Eulerian case again shows some contribution from each structure variable, the contribution from the Lagrangian perturbation mc at constant is essentially zero. The reason for this striking behaviour can be understood from the leading-order behaviour of the Lagrangian kernels, derived by Goldreich et al. (1991) In each case, the contribution from the sound-speed di erences is indicated with the dashed curve, and the contribution from the di erences with the dot-dashed curve; their total is shown with the solid curve, and the exact frequency di erences with the plus symbols. Results are for l = 20.
We now consider a mode of low frequency, such that it can be assumed that within its acoustic cavity the La- (4:8)
In this approximation, the variation of kh with radius, which arises from the spherical geometry, has been neglected: this is consistent with the derivation of the dispersion relation (4.5) (cf. Deubner & Gough 1984) . Furthermore, it was argued in Section 3 that if e ects of sphericity can be ignored mr may be considered to be constant. Expressing rc=c and r!c=!c in equation (4.6) by the corresponding logarithmic derivatives, in accordance with equation (4.7), and using equation Thus for modes of su ciently low frequency that the region with non-zero mc and m!c lies entirely above their asymptotic upper turning point the frequency shift is essentially zero, as indeed we have found to be the case numerically. Of course for higher-frequency modes, for which the Lagrangian perturbations to c and !c would not generally vanish in the acoustic cavity, equation (3.1a) should be used instead of (4.7): this would give rise to additional terms in equation (4.9), and so the frequency perturbations would not necessarily vanish, again in accordance with the numerical results.
Instead of expressing the perturbed equation (4.4) in terms of Eulerian perturbations, it is instructive to consider Lagrangian perturbations directly. For simplicity we con- et al. 1996] . Thus in Lagrangian terms, the change in frequency is described in terms of perturbations to , p and r. In cases when the Lagrangian perturbations to radius and pressure are negligible in the acoustic cavity, the frequency di erences will therefore be given essentially by the di erence in alone, as we found above (cf. Fig. 17 and eq. 4.3).
CONCLUSIONS
The near-surface region, i.e., the solar atmosphere and the substantially superadiabatic part of the convection zone, introduces substantial uncertainties into current calculations of solar p-mode oscillation frequencies, both in terms of the structure of the underlying hydrostatic equilibrium model and in terms of the dynamics and energetics of the oscillations. We have shown that if models are compared at xed interior mass m, the resulting Lagrangian di erences are con ned essentially to that region of the Sun which is directly a ected by the modi cations to the physics of the model. It then follows immediately that the resulting frequency changes are very small at low frequency, because the eigenfunctions are evanescent in the immediate subphotospheric layers. In contrast, Eulerian model di erences, at xed radius r, extend to substantial depths, as a result of the change in linear scale induced by the modi cation; here the small frequency di erences at low frequencies follow from a near-cancellation between two substantial terms of opposite sign.
These properties of the model and frequency di erences have been veri ed by numerical calculations involving two di erent types of near-surface modi cations. In addition, they follow from an asymptotic analysis of the oscillations.
We have also seen that the frequency di erences are naturally expressible in terms of the pair of variables (c; ), where ?1=c, with the Lagrangian di erence in dominating the frequency shift (see Fig. 17b and eq. 4.13). This behaviour is evident also from the corresponding numerical kernels. It is interesting therefore to compare the frequency di erences arising from modifying the opacity or the superadiabatic gradient, and to relate those to the Lagrangian differences in (Fig. 18) . Compared with the case of changing the surface opacity, modifying the superadiabatic gradient produces a di erence m ln that extends more deeply, down to a radius of about 0:999R. Consequently the frequency di erences become substantial at lower frequencies, being appreciably di erent from zero at about 3000 Hz. On the other hand, m ln in this case is negligible in the atmosphere above the superadiabatic layer, and so the frequency di erences turn over; in contrast, the frequency di erences caused by the atmospheric opacity modi cation exhibit a monotonic trend up to 5000 Hz.
Our results have implications for inverse analyses of observed frequencies of solar oscillation, aimed at determining corrections to models of solar structure. The inversion is generally carried out in terms of Eulerian di erences, the e ects of the near-surface errors being eliminated by representing them as suitably scaled slowly varying functions of frequency (e.g. Basu et al. 1996 , and references therein). It follows from our analysis that such suppression will eliminate from the solution of the inverse problem that part which is expressible as in equation (4.7), for some mr. Thus we might hope that the non-local nature of the Eulerian changes will not corrupt the results of the inversion, beyond the immediate region of the errors in the model, after the suppression of their dominant e ect on the frequencies. However, we note that inversion in terms of Lagrangian di erences should o er a clean separation between the uncertain physics of the near-surface region and changes at even slightly greater depth. This could provide a valuable alternative to the inversions in terms of Eulerian di erences, particularly in investigations of the thermodynamical state of solar matter in the hydrogen and helium ionization zones where separation of the near-surface e ects represents a substantial problem.
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